We study the failure of planar random fiber networks with computer simulations. The networks are grown by adding flexible fibers one by one on a growing deposit ͓K. J. Niskanen and M. J. Alava, Phys. Rev. Lett. 73, 3475 ͑1994͔͒, a process yielding realistic three dimensional network structures. The network thus obtained is mapped to an electrical analogue of the elastic problem, namely to a random fuse network with separate bond elements for the fiber-to-fiber contacts. The conductivity of the contacts ͑corresponding to the efficiency of stress transfer between fibers͒ is adjustable. We construct a simple effective medium theory for the current distribution and conductivity of the networks as a function of intra-fiber current transfer efficiency. This analysis compares favorably with the computed conductivity and with the fracture properties of fiber networks with varying fiber flexibility and network thickness. The failure characteristics are shown to obey scaling behavior, as expected of a disordered brittle material, which is explained by the high current end of the current distribution saturating in thick enough networks. For bond breaking, fracture load and strain can be estimated with the effective medium theory. For fiber breaking, we find the counter-intuitive result that failure is more likely to nucleate far from surfaces, as the stress is transmitted more effectively to the fibers in the interior.
I. INTRODUCTION
Random fiber networks ͑RFNs͒ form a class of materials in which disorder plays a natural role in the mechanical properties. Whether the system in question is paper, a glass fiber mat, or a randomly oriented short fiber composite, the local stresses vary widely. This phenomenon arises from fluctuations in local stress transfer, 1, 2 and from local density variations. For two-dimensional ͑2D͒ fiber networks the distribution of fiber segment lengths, or parts of fibers between points of intersections between other fibers, is essentially exponential. 3 The distribution of axial stresses in 2D networks is exponential even at high densities, and the decay parameter of the distribution turns out to be independent of density. 4 Very little is known about three-dimensional random fiber networks or short fiber composites in terms of how the disorder affects elastic properties and how it correlates with local variations in structure.
In the post-elastic regime, the existing knowledge is even sparser regardless of whether the micromechanical response of the fibers and/or the network is assumed to be brittle, plasticity dominated or even viscoelastic. For 2D RFNs the local development of yield events ͑assuming fibers that yield͒ is less correlated in the direction perpendicular to external strain than in lattice models. 5, 6 Fracture in 2D RFNs seems to depend qualitatively on whether one allows the breakdown of fibers or fiber-to-fiber bonds. 7 The extension of such studies 4, 5, 8, 9 to 3D structures would seem to be prohibitively heavy computationally, because of detail and also due to the limitations of the ͑commercial͒ Finite Element Method packages commonly used.
In this paper we present a lattice model for a planar, layered fiber network. The structure is mapped to a brittle random fuse network, a scalar lattice model, in order to achieve numerical efficiency. 10 Because of the ''layered'' geometry 11 in the model, the third dimension corresponds effectively to an adjustable connectivity between fibers in a 2D model. In other words either two fibers, one on the top of the second, are in contact or there is a pore in between. Our model is thus designed to emulate the effect of the 3D network geometry on the elastic and strength properties of planar fiber networks. What is then known-theoretically-about the structure the networks studied here? At high enough coverages, the structure becomes statistically homogeneous in the out-ofplane direction. For very low coverages there are of course no pores and the geometry is described exactly by the 2D limit. In the asymptotic limit the distributions for both pore height and diameter are exponential, 12 as one would also expect for 2D networks for large pores. 3 These local inhomogeneities are expected to lead to local stress/current fluctuations. The role of the finite thickness of the system will thus also depend on how the statistics of the fluctuations change with coverage. The computational model used is defined in Sec. II. The electrical equivalent of the distribution of stresses as well as that of elastic modulus in the system is derived in Sec. III by using an effective medium -type argument. In Sec. IV we discuss the effect of the relative breaking limits of fibers and bonds on the fracture properties. The numerical results are presented in Sec. V, and we finish our paper with a discussion of the results in Sec. VI.
II. COMPUTATIONAL MODEL
The fiber networks used are created as follows. 11 We take a fiber to be a beamlike object with finite width and thickness. Such fibers are deposited one by one on a xy-oriented substrate with square lattice geometry. The length and width of the fibers are discretized to integer values. The location and direction of each fiber ͑either along the x or the y axis͒ are chosen randomly.
When a fiber is added to the structure, it is put on the top of the network below it. If we would be interested in infinitely flexible fibers there would be no pores in between the new fiber and the old ones. To get a 3D porous network structure a bending constraint is used. The maximum z-directional displacement a fiber can make between two neighboring lattice points is limited to be at most T f , which is thus a flexibility parameter. In other words the steps that the fibers make in the z direction are of finite height, smaller or equal to T f . A larger value of T f corresponds simply to more contacts with underlying fibers. T f is measured most conveniently in units of fiber thickness t f in the z direction, and thus one can for instance limit the undulation of a fiber to be at most 0.5 fiber thicknesses over one lattice spacing in the xy direction (T f ϭ 0.5͒. This gives rise to pores in the z direction, since a fiber may not be able to bend downwards enough to touch the one below it. The limit of truly 2D network is reached when T f →ϱ.
The structure of the fiber network from the deposition model is mapped to a topologically equivalent network in a cubic lattice. By topological equivalence we mean that the fibers are connected in the same way in both models. In the cubic lattice model, the fibers are straight and are located in xy layers. z-directional connections between fibers in different layers are formed if the corresponding fibers in the fiber network from the growth model are in contact ͑Fig. 1͒. Note that we do not scale the conductivity of the fuses making up R2 in the figure to keep the total conductivity constant. Also, the conductivity of the fibers in our simple model is the same regardless of how the fiber undulates in the structure or is bent.
In the rest of the paper, we refer to the parts of fibers between two adjacent connections with other fibers as segments. The connections between fibers in different layers are called bonds. Conductivity inside one layer ͑in a fiber͒ is defined using xy , and between layers ͑connection between two overlapping fibers͒ it is z ϭ5ϫ xy unless noted otherwise. This corresponds to easy current flow between layers. The connection between two lattice points breaks when the current flowing through it exceeds a predefined threshold. This threshold for fiber segments is i c xy and for bonds i c z ϭ100i c xy except for part of the results in Sec. IV. External voltage is applied in the x direction, and free boundary conditions are imposed in the y and z directions. The equilibrium distribution of currents is obtained with the Conjugate Gradient method. The connection between lattice points with the largest current is removed, after which the equilibrium state is recalculated. This procedure is continued until the point is reached in which no current is passing through the lattice. Systems with sizes 20ϫ20ϫN f , 50ϫ50ϫN f , and 80ϫ80ϫN f have been used. N f has been chosen to correspond to 1.25-6.25 times the geometrical percolation density N f ,c of the system. For the flexibility parameter we have used the values T f ϭ0.25, 0.5, 1, 2 and 4. The last value, T f ϭ4, is already a good approximation of the limit of infinitely flexible fibers. 11 Finally, the value l f ϭ7 lattice spacings was used for the length of the fiber. Note that the model as defined above is a standard random fuse network one, the only differences being that the local geometry is now obtained from a ''real'' microstructure and that intralayer connections have different breaking and conductivity properties from the in-plane ones.
In what follows one should take note of the correspondences between electrical and elastical quantities. The RFN simulations mimic elongative tensile tests with I↔F ͑current corresponds to force͒, V↔⌬x ͑applied voltage corresponds to imposed elongation͒ and ⌺↔E ͑conductivity corresponds to elastic modulus͒. For the fuse elements one can map the local current to axial stress ͑shear stress for intra-fiber bonds͒ and the local voltage to strain.
III. CURRENT DISTRIBUTION AND EFFECTIVE CONDUCTIVITY
Next we use an effective medium approximation ͑EMA͒-type argument to derive the distribution of currents in the system and to discuss the scaling of conductivity with the stress/current transfer ͑the z to xy ratio͒. In other words, the segments in a fiber are thought to be independent of each other and to be embedded in an average background. Let us assume that the distribution of segment lengths l s is exponential, or
A schematic representation of a detail of the connectivity in the simulation lattice. The mechanical contact, resulting from bending of a fiber out of plane ͑a͒ is mapped into a bond R2 between layers in the electric model ͑b͒.
Above, C is a normalization constant and ␣ is the decay parameter of the distribution. The assumption of an exponential form for the segment length distribution is true for 2D random fiber networks 4 and should also hold 12 for the 3D case of the deposition model. 11 Each fiber segment is assumed to consist of l s ''segment''-type fuses, each with conductivity s . In Fig. 2 the relative frequency distributions of ''segment'' fuses and ''bond'' fuses belonging to a segment of length l s are shown versus the segment length.
The fiber segment is supposed to be attached to a homogeneous background with two ''bond''-type fuses with conductivity b . The total conductivity f of the fiber segment is then
The current in the sequence consisting of a fiber segment and two bonds can be expected to be proportional to its conductivity per length unit, i.e.,
The current distribution n(i) can be solved from Eqs. ͑1͒ and ͑3͒ by making a change of variable in the distribution:
Taking into account that there are l s ''segment'' fuses and two ''bond'' fuses for each segment, we finally get
͑5͒
Above, current per bond has been expressed in the units of current flowing through a fuse with conductivity s . The calculation gives an exponential decay for the current distribution for relatively large values of ␣ ͑Fig. 3͒. In the 2D limit, ␣ is inversely proportional to density of fibers per unit area. 3 In the limit in which the fiber network structure becomes statistically invariant-except for the upper and lower surfaces-␣ is related to the pore number, 11, 12 i.e., the probability that a fiber is not in contact with the one below or above it. However, the dependence is nontrivial in the interesting regime T f ϳ1. To give the reader an idea, the average coordination number or the probability that a fuse belonging to a fiber segment is connected to another segment's is P c Ϸ0.5 for T f ϭ1 and P c Ϸ0.16 for T f ϭ0.25. Also, the local Poissonian density fluctuations are expected to create rare configurations that contribute to the highcurrent end of the current distribution, but not to the global conductivity. 13 Using our result for the conductivity per length unit of a fiber, Eq. ͑3͒, a Kirkpatrick-type calculation 14 can be made to obtain the effective conductivity e f f of a lattice consisting of segment and bond fuses. The essential part of the calculation is to derive an equation for the conductivity of a lattice using the knowledge that the average value of voltage fluctuations ͑with respect to the average value of voltage in the system͒ is zero. This leads to the equation
where the effective conductivity of the background has been denoted with e f f and the fluctuating local conductivity with .
In our case the current distribution, Eq. ͑5͒, is equal to the distribution of conductivities whereby Eq. ͑6͒ is equivalent to the integral
from which e f f can, in principle, be solved. Above, the integration limits a and b for current are obtained from Eq. ͑3͒ by inserting alternatively l s ϭ1 ͑minimum segment length, i.e., the lattice constant͒ and l s ϭl f ͑fiber length͒. We have calculated a few numerical approximations for the solution of Eq. ͑7͒, corresponding to the average conductivity per unit area in the limit in which the thickness of the fiber network is large. These are given in Fig. 4 ductivities, e f f Ϸ0.72-0.79ϫ s for ␣ϭ1 -100. We also plot the development of e f f ( s / b ) which is obtained by using the mean segment length instead of the true P(l s ) distribution. As can be expected, the results differ quite a bit from the ''full'' l f data for small values of ␣ ͑i.e., broad segment length distribution͒. For a more steep segment length distribution the ''averaged'' data agree very well with the results obtained with P(l f ). This is just an indication that the average segment length is approximately equal to unity. If the distribution of conductivities decays quickly, s / b has a stronger effect on the total conductivity tot since there are more short segments where b is relatively more important. If one looks at the effect of the decay parameter as a function of s / b , it is clearly seen that the larger the conductivity of the ''bond'' fuses is, the less ␣ affects tot . At the limit b →ϱ, tot →1 in units of s and at the limit b →0, tot →0 as can be expected. In the former case the currents are the same for all segments independent of l s and in the latter case all current goes through the longest (l s ϭl f ) segments.
IV. THE EFFECT OF BREAKING LIMITS AND THE EFFECTIVENESS OF INTER-LAYER CURRENT TRANSFER
Next we test the consequences of the ratio of the breaking limits of bonds and fiber segments, r 1 ϭi c z /i c xy , and the ratio of the intra-layer conductivity to that inside the layers,
Depending on the values chosen for r 1 and r 2 , one would expect two general, different scenarios: if the bonds are weak ͑small r 1 ), much delocalized damage is expected. 15 This is similar to the accumulation of matrix damage in short fiber composites, when the fibers are less prone to failure than the matrix. On the other hand, if the fibers are weak ͑large r 1 ), the failure of the network should be governed by ''rare event''-type statistics, i.e., the strongest current concentration that the network geometry produces sets the fracture point. 16 In between these two extremes, when both the fibers and ''the matrix'' are weak, one expects to see crossover behavior.
To characterize the failure process, we have studied whether the broken connections are aligned in the z direction ͑a bond͒ or inside the xy plane ͑part of a fiber͒. These were designated with N b z and N b xy , respectively. The total number of broken connections is then N b ϭN b z ϩN b xy . We also compare the macroscopic failure current I b ͑force in the elastic case͒ and voltage V b ͑displacement͒, and vary the bond quantities i c z and z to have comparable results. A system size of 4.5 fiber lengths in linear dimension (4.5ϫl f lattice spacings͒ and an areal density of fibers that is 3.75 times the 2D percolation coverage are used. The value of the flexibility parameter T f is one here.
The results show that once r 1 Ͼ2 ͑i.e., the breaking limit of fiber segments is at least two times lower than that of bonds͒, r 1 has no further effect on any of V b , I b or N b . Thus data with r 1 Ͼ2 is not included. In fact, if r 1 Ͼ1, neither r 1 nor r 2 has a significant effect on N b or I b ͑Table I͒. Naturally, the breaking potential V b increases with decreasing conductivity between layers independent of r 1 . As can be expected, only bonds break if r 1 Ͻ0.5, whereas if r 1 Ͼ1 only fibers do so. If i c z ϭi c xy , fracture takes place mostly in fiber segments because the external current is flowing in the x direction. The weak bond result shows that one cannot increase the toughness of a fiber network by inhibiting fiber failure with weak matrix/contacts.
Large fluctuations show up in the breaking potential when the conductivity between layers is small (r 2 ϭ0.1). Physically, this means that the system is brought closer to the percolation threshold due to increasing isolation of layers. . Except for the case of V b , r 2 has no effect on fracture characteristics when r 1 Ͻ1. The total number of broken connections saturates to a constant value at i c z Ϸi c xy . Both the breaking potential and the breaking current are linearly decreasing functions of r 1 when r 1 Ͻ1. The values r 1 ϭ100 and r 2 ϭ5 used by us in the subsequent simulations have been chosen to be in the ''safe'' region, where well-defined pure fiber-breaking behavior is seen.
Interestingly, both V b and I b change linearly as a function of r 1 when r 1 Ͻ1. This suggests that in this regime ͑breaking takes place mostly in bonds͒ EMA -type argumentation may be used to obtain predictions for fracture load. It is understandable that the effective medium argument works better in the case of bond fracture as the changes of the current in a fiber after a bond failure are much more gradual.
V. BRITTLE FAILURE OF FIBER NETWORKS
Next we embark on a study of the failure characteristics of planar fiber networks in the regime where fiber failure is the dominating process. We have chosen to study this case first because it is numerically much easier than the ''bondbreakage'' one, and second because it is directly comparable to earlier random-fuse network simulations of the failure of brittle materials and composites. 10, 15, 16 . The conductivity stays approximately constant for T f ϭ2 -4 and N f ϭ5N f ,c when the system dimensions are varied. When T f р1, the conductivity is reduced slightly with increasing system size. Close to the connectivity percolation point, N f ϷN f ,c , the conductivity decreases more rapidly, indicative of an increasing correlation length in the system. Figure 5 shows the scaling of e f f as a function of s / b . The results show that the effective medium theory gives quite a good prediction for e f f ( s / b ) when ␣ is large. The decay of e f f with decreasing s / b is slightly slower in the true simulation data than in the EMA results. Moreover, at the limit of well-conducting bonds e f f is larger in the former. The shape of the numerically obtained conductivity resembles results obtained for 2D random fiber networks when fiber-to-fiber bonds are included. 4 The difference to the EMA calculation of Sec. II may be partly due to the fact that the coverage or effective thickness is still rather limited ͑six times the percolation density͒.
The breaking potential V b is roughly constant as a function of N f , except for very rigid fibers (T f ϭ0.25) at densities close to the percolation point ͑Fig. 6͒. On approach to the percolation point, an increase in the breaking potential similar to that seen in, e.g., diluted lattice models 16 is observed. This effect is made stronger by a decrease in the effective density due to loss of connectivity in the system resulting from the increasing rigidity of the fibers as T f is decreased. In any case, our model differs in that respect from what one would expect for a disordered brittle fuse model with a 2D/3D transition, as V b does not seem to relate to N f . On the experimental side, this compares with the finding that the elastic breaking strain ͑defined with the relation ⑀ el ϭ c /E) is of the order of 1% irrespective of the basis weight of paper or bondedness of the network. 17 Based on the three system sizes simulated (20ϫ20ϫN f ,  50ϫ50ϫN f , and 80ϫ80ϫN f ) , the finite size scaling of the breaking potential follows approximately the 2D extreme scaling, 16 V b ϳL/ͱln L for all the values of T f with constant N f . Since we only have three system sizes available, it is impossible to obtain the accurate form of the finite size scaling. The rupture current I b displays saturation as a function of T f as expected, and is a linear function of N f , scaling as I b ϳL 0.8Ϫ0.9 for constant N f for all values of T f . Alternatively, I b can be fitted quite well with an extreme scalingtype form. 16 The small number of system sizes simulated prevents us from differentiating between the two cases.
The distribution of currents in the connections saturates if the fibers become very flexible. A less obvious result is the saturation of the high current end of the distribution also as a function of N f , which can be perceived in Fig. 7 . The simple conclusion is that this is another sign of the effective ''2D'' nature of the networks. This is because the distribution of segment stresses in a two-dimensional random fiber system saturates in the same way. 4, 7 Please note that the number of FIG. 5 . Effective conductivity of the lattice obtained from numerical data.
In comparing the simulation results to Fig. 4 , please note that here conductivity grows with N f . In Fig. 4 the maximum conductivity is always equal to unity. 
small currents does not seem to saturate equally well. Except for the small values of the currents, the curves can be quite well collapsed on top of each other by equating the integrals of the individual distributions. We also analyzed the distributions of currents depending on the location of the bond/fiber in the network in the outof-plane direction. This was done by plotting both the local average current and the largest current as functions of the z coordinate of the layer ͑Fig. 8͒. The total current was computed by summing the absolute values of currents in all the three principal directions in the lattice for each lattice point and the maximum current was obtained by choosing the largest of the absolute values of the three currents in the principal directions. After this was done, the currents with the same z coordinate were summed in both cases. The figures indicate that the current distribution is slightly nonuniform, but much less so for the maximum currents. The anisotropy comes from the way the networks are formed: as a threedimensional structure is being grown, the network surface is rough, 11 which makes the actual fiber density in the top layers smaller. This naturally results in a ''smaller'' value for total current in there. In view of these results, the constancy of the current distributions seems to stem from most of the current in all layers being quite small, whereby only the low end of the current distribution is affected by the increase in the number of layers. A close inspection of the figures reveals that there is a small increase in the number of currents at the highest end of the current distribution. Large values of i are indicative of current flowing through narrow bridges between larger-than-average pores in the system.
The best guess as to why the high current end of the current distribution saturates would be that the defects or inhomogeneities that give rise to it are ''in-plane'' and thus the addition of more layers of fibers plays no role. If an increasing network thickness would give rise to truly 3D ''defect geometries'' this would be visible as changes in the distribution as well. Of course, judging such differences from our data may be difficult. The slope of the current distribution ͑Fig. 7͒ does not depend on T f . This may seem surprising at first sight, but the explanation is quite natural. When T f is increased ͑i.e., fibers are made more flexible͒, the average segment length is reduced. The current going through the lattice is redistributed among the shorter segments. Due to the fact that the tail of the current distribution n(i) is exponential, the form of the distribution is not affected, although the tail is moved upwards. This can be seen in Fig. 7 both from the absolute scale and the relative height of the zero-current peak.
On the other hand, the system size has an effect on the slope of the tail. If the tail of the distribution is parametrized as n(i)ϳe Ϫ␤i , for Lϭ3, 7 and 11ϫl f the decay parameters are ␤ϭ166, 200, and 400, respectively. This steepening of the distribution can be attributed to boundary effects. The high-end tail of the current distribution is always exponentially independent of T f , which indicates that the effective medium model ͓Eq. ͑5͔͒ presented earlier does not work for low values of T f . Like the other breaking quantities, the total number of broken connections saturates with increasing T f . N b is approximately a linear function of N f with a finite size scaling N b ϳL 0.9Ϫ1.1 for all T f for constant N f . For comparison, the random breaking limit model in 2D gives N b ϳL ϩ const for weak disorder and N b ϳLϩL 1.6 for strong one. This result is an indication of the brittle nature of fracture in the system and shows that in our simulations, networks fail by the formation of a roughly linear crack from a seed defect.
VI. DISCUSSION
We have analyzed the fracture of planar fiber networks with a simple lattice model for the electrical analogue of brittle elastic failure. The goal has been the study of the role of the geometrical inhomogeneities in the fracture processes, especially the inclusion of naturally occurring pores in such systems. The main finding is that at least in the fiber-failure controlled regime the networks become quasi-2D regardless of the thickness. This concept together with the numerical results in general indicate that the failure of the networks is induced by ''internal defects,'' i.e., by geometry fluctuations away from the network surfaces, because on the surface the connectivity and average current are lower than in the inside of the sample.
We have also analyzed the role of the intra-fiber current transfer and the segment length distributions with an Effective Medium Approximation-type calculation. Comparisons with numerical simulation results for the conductivity agree qualitatively except perhaps for very efficient current transfer ͑rigid intra-layer bonds in the elastic case͒. In that case the EMA theory may underestimate the conductivity ͑resp. elastic modulus͒ of the system. It can also be used to analyze the qualitative dependence of the failure point on the ''stress transfer efficiency,'' and we find that the fracture voltage ͑corresponding to fracture strain͒ has a negative power law dependence on the conductivity of the bonds.
The number of broken connections, being dependent on the connectivity in the system, saturates as a function of fiber flexibility. The results indicate that the current flowing through the system consists of a ''bulk'' component and a ''tail'' part, the latter of which appears to be independent in form of the number of fibers. The bulk part grows steadily with the number of fibers in the system. This is similar to what has been seen in mechanical Finite Element Method simulations of 2D random fiber networks. These observations reinforce the main point of our paper.
The expected fracture characteristics of brittle, planar fiber networks have here been shown to comply with generic 2D models for the failure of disordered media. This includes similar size-scaling behavior for V b and I b , and trivial-type damage scaling as the fraction of fibers breaking versus system size. It would thus be interesting to compare by simulating the effect of i c z /i c xy in the region where it is smaller than unity, i.e., in the ''bond breaking'' territory. From the experimental point of view the result that the failure voltage ͑''stress''͒ does not depend on network thickness is a verifiable prediction and agrees with what is known about the failure of fiber networks in the form of paper.
